We consider the real topological string on certain non-compact toric Calabi-Yau three-folds X, in its physical realization describing an orientifold of type IIA on X with an O4-plane and a single D4-brane stuck on top. The orientifold can be regarded as a new kind of surface operator on the gauge theory with 8 supercharges arising from the singular geometry. We use the M-theory lift of this system to compute the real Gopakumar-Vafa invariants (describing wrapped M2-brane BPS states) for diverse geometries. We show that the real topological string amplitudes pick up certain signs across flop transitions, in a well-defined pattern consistent with continuity of the real BPS invariants. We further give some preliminary proposals of an intrinsically gauge theoretical description of the effect of the surface operator in the gauge theory partition function.
Introduction
A most interesting connection between gauge theory and string theory is the relation between non-perturbative instanton corrections in 4d/5d gauge theories with 8 supercharges [1, 2] , and the topological string partition functions on non-compact toric Calabi-Yau (CY) three-folds X (in their formulation in terms of BPS invariants [3] [4] [5] ).
Basically, the BPS M2-branes on compact 2-cycles of X are instantons of the gauge theory arising from M-theory on X.
In this paper we are interested in extending this correspondence to systems with orientifold projections. A natural starting point is the real topological string, introduced in [6] and studied in compact examples in [7] and in non-compact CY three-folds in [8, 9] . This real topological string is physically related to type IIA on a CY three-fold X quotiented by an orientifold, given by an antiholomorphic involution σ on X and a flip on two of the 4d spacetime coordinates (say x 2 , x 3 ); it thus introduces an O4-plane, spanning the lagrangian 3-cycle given by the fixed point set, 1 and the two fixed 4d spacetime dimensions x 0 , x 1 . In addition, the topological tadpole cancellation [6] requires the introduction of a single stuck D4-brane on top of the (negatively charged)
O4-plane, producing local cancellation of RR charge.
The M-theory lift of this type IIA configuration [10] corresponds to a freely acting quotient of M-theory on X×S 1 , in which the action σ on X (and the flip of two 4d coordinates) is accompanied by a half-period shift along the S 1 . This M-theory lift provides a reinterpretation of the real topological string partition function in terms of real BPS invariants, which are essentially given by a combination of the parent Gopakumar-Vafa (GV) BPS invariants, weighted by the ±1 eigenvalue of the corresponding state under the orientifold action.
This orientifolding can be applied in the context of type IIA/M-theory on noncompact toric CY three-folds X which realizes 5d gauge theories. More specifically, one should consider the 5d gauge theory compactified to 4d, with an orientifold acting non-trivially as a shift on the S 1 . Since the orientifold plane is real codimension 2 in the 4d Minkowski dimensions, the system describes the gauge theory in the presence of a surface defect. Certain surface operators have been studied in [11] [12] [13] [14] [15] , also in the context of M-theory/gauge theory correspondence, describing them by the introduction of D2-branes/M2-branes in the brane setup or D4-branes in the geometric engineering [5, 16, 17 ]. An important difference with our discussion is that the holonomy of our surface operators is an outer automorphism of the original gauge group. In our case, the properties of the gauge theory in this orientifold background are implicitly defined by the real topological vertex, even though they should admit an eventual intrinsic gauge-theoretical description. Hence, one can regard our real topological string results as a first step in the study of a novel kind of gauge theory surface operators.
Our strategy is as follows:
• For concreteness, we focus on the geometry which realizes a pure SU(N ) gauge theory, and other similarly explicit examples. We construct the real topological string on non-compact toric CY three-folds X by using the real topological vertex formalism [9] .
• In the M-theory interpretation, the real topological string amplitudes correspond to a one-loop diagram of a set of 5d BPS particles from wrapped M2-branes, suitably twisted by the orientifold action as they propagate on the S 1 . An important point is that the effect of the orientifold action arises only after the compactification to 4d on S 1 , so the 5d picture is identical to the parent theory. Therefore, the correspondence between M-theory and 5d N = 1 gauge theory is untouched.
• The corresponding statement on the gauge theory side is that the 4d partition function of the gauge theory in the presence of the orientifold surface defect must be given by the compactification of the original 5d gauge theory on S 1 , but with modified periodic/anti-periodic boundary conditions for fields which are even/odd under the orientifold action. This can in principle be implemented as the computation of the Witten index with an extra twist operator in the trace.
This kind of operator has not appeared in the literature. We use the comparison of the oriented and real topological vertex partition functions to better understand the nature and action of this operator on the gauge theory.
Even though we do not achieve a completely successful gauge theoretical definition of the orientifold operation, we obtain a fairly precise picture of this action in some concrete situations. Moreover, our discussion of the topological vertex amplitudes reveals new properties in the unoriented case.
The rest of the paper is organized as follows. In section 2 we review the Mtheory/gauge theory correspondence in the oriented case: in section 2.1 we review the topological vertex computation of topological string partition functions on local CY three-folds, in section 2.2 we describe the computation of the gauge theoretic real topological string amplitudes: section 3.1 introduces some general considerations of unoriented theories, and section 3.2 describes the real topological string computation using the real topological vertex. Explicit examples are worked out in section 4, like the conifold (U(1) gauge theory) in section 4.1, where we correct some typos in the previously known result, and the pure SU(N ) theories in section 4.2, where we also discuss their behavior under flop transitions. In section 5 we describe a twisted Nekrasov partition function, whose structure is motivated by the action of the orientifold, and compare it with the real topological string partition function. Section 6 offers our conclusions. Appendix A reviews aspects of the real topological string and the topological vertex formulation, appendix B presents some new enumerative checks of the BPS integrality, and appendix C gathers some useful identities.
Review of the oriented case
In this section we review the correspondence between BPS M2-brane invariants of Mtheory on a toric CY three-fold singularity X and the supersymmetric gauge theory
Nekrasov partition function [18] [19] [20] [21] [22] [23] . We will take advantage to introduce useful tools and notations to be used in the discussion of the orientifolded case.
The topological string

BPS expansion of the topological string
We start with a brief review of closed oriented topological string interpreted in terms of BPS states in M-theory [3, 4] . Consider type IIA on a CY three-fold X, which provides a physical realization of the topological A-model on X. The genus g topological string amplitude F g (t i ), which depends on the complexified Kähler moduli t i = a i + iv i with a i coming from the B-field and v i being the volume, computes the F-term [24] 
where the second expression applies for g > 1 only, and the N = 2 Weyl multiplet is schematically W = F + + θ 2 R + + · · · , in terms of the self-dual graviphoton and curvature. If we turn on a constant self-dual graviphoton background in the four noncompact dimensions
2) the sum may be regarded as the total A-model free-energy, with coupling
This same quantity can be directly computed as a one-loop diagram of 5d BPS states in M-theory compactified on X × S 1 , corresponding to 11d graviton multiplets and to M2-branes wrapped on holomorphic 2-cycles. These states couple to the graviphoton background via their quantum numbers under the SU(2) L in the 5d little group SU(2) L × SU(2) R . Denoting by GV g,β the multiplicity of BPS states corresponding to M2-branes on a genus g curve in the homology class β, we have an expression
with |e imβ·t | < 1 so that the BPS state counting is well-defined. Namely, the computation is carried out in the large volume point in the Kähler moduli space. From the M-theory point of view, the real part of t may be provided by the Wilson line along S 1 , originated from the three-form C 3 . Finally, the topological string partition function is defined as
Topological vertex formalism
From now on we specialize to a particular class of M-theory background geometries, directly related to supersymmetric gauge theories. M-theory on a CY three-fold singularity, in the decoupling limit, implements a geometric engineering realization of 5d gauge theory with 8 supercharges, with gauge group and matter content determined by the singularity structure [26, 27] . Upon compactification on S 1 , it reproduces type IIA geometric engineering [28, 29] . This setup is therefore well-suited for the matching of gauge theory results in terms of topological string amplitudes in the GV interpretation.
We will use the the best known tool at large volume point in moduli space to compute topological string partition functions on local toric CY three-folds, namely the topological vertex formalism [30] [31] [32] [33] . This can be even used to define a refined version of the topological string amplitude [32] [33] [34] [35] [36] [37] [38] , associated to the theory in a non 2 A subtlety regarding the reality condition of the -background has been discussed in [25] .
self-dual graviphoton background
The unrefined topological string amplitude is recovered for 1 = − 2 . We will describe the refined topological vertex computation, but will eventually restrict to the unrefined case, since only this is known in the unoriented case. Happily, this suffices to illustrate our main points. Let us begin by introducing some useful definitions. A Young diagram R is defined by the numbers of boxes R(i) in the i th column, ordered as
the total number of boxes, and by ∅ the empty diagram. For a box s = (i, j) ∈ R, we also define
where R t denotes transpose, see fig. 1 . We recall some definitions useful to work with refined topological vertex 3 by following the conventions used in [40] . An edge is labeled by a Young diagram ν, and has an associated propagator (−Q ν ) |ν| , where Q is the exponential of the complexified Kähler parameter of the corresponding 2-cycle. Edges join at vertices, which have an associated vertex function 
.) Sub-indices are ordered according to fig. 2a , and we
We also define 10) so that when we glue two refined topological vertices, we introduce framing factors 
Examples
SU(N ) gauge theory As an illustrative example, consider the toric diagram for an SU(N ) gauge theory, given in fig. 3 , where we use standard notation [18, 19, 31] .
Among the different possible ways to get SU(N ), we have taken our diagram to be symmetric with respect to a vertical line, for later use in section 4 when we impose Z 2 orientifold involutions. This constrains the slope of external legs in the diagram entering the topological vertex computation (in the gauge theory of the next section, this translates into a choice of 5d Chern-Simons level K = N − 2 [42] .) We denote by 
The refined topological string partition function is written 12) where the relevant rules and quantities are defined in section 2.1.2. We focus on the unrefined case (i.e. set t = q = e i ), where this can be explicitly evaluated to give
Using eqs. (C.1) and (C.4) we can recast the expression as sum over N -tuples of Young
where
(we also denote by E the unrefined expression, i.e. the one with 1 = − 2 =: ). Here we have introduced the perturbative contribution
and the instanton fugacity
We have also introduced with hindsight the quantities t i = a i + iv i , i = 1, . . . , N , satisfying i t i = 0, to rephrase the Kähler parameters as
v i+1 − v i encodes the length of vertical edge F i in the web diagram (and eventually the gauge theory Coulomb branch parameters). They should satisfy
so that it is a good expansion parameter. In other words, we are at a large volume point in the Kähler moduli space spanned by v i . We also have the quantity (eventually corresponding to the contribution from the gauge theory Chern-Simons term)
Conifold Another illustrative example is the resolved conifold, whose web diagram (again restricting to a case symmetric under a line reflection, for future use) is given in fig. 4 . The unrefined topological vertex computation gives 20) where Q is the Kähler parameter. 
Supersymmetric Yang-Mills on -background
We now consider a 4d N = 2 gauge theory. Its exact quantum dynamics is obtained by the perturbative one-loop contribution and the contribution from the (infinite) set of BPS instantons. These corrections can be obtained from a 5d theory with 8 supercharges, compactified on S 1 , as a one-loop contribution from the set of 5d one-particle BPS states. These particles are perturbative states of the 5d theory and BPS instanton particles.
The 5d instanton partition function [1] is given by a power series expansion
where the contribution for instanton number k = c 2 is
Here we trace over the 5d Hilbert space H of one-particle massive BPS states. Also, J 1 and J 2 span the Cartan subalgebra of the SO(4) little group, J R the Cartan of the SU(2) R R-symmetry, and Π are the Cartan generators for a gauge group G. a i ,
The BPS particles are W-bosons, 4d instantons (viewed as solitons in the 5d theory) and bound states thereof. For k = 0, the partition function can be regarded as a Witten index in the SUSY quantum mechanics whose vacuum is the ADHM moduli space, with the SUSY algebra
where v i are the 5d Coulomb branch parameters. We will eventually complexify them with the already appeared Wilson lines to complete the complex Coulomb branch parameters, bearing in mind that we will compare the Nekrasov partition function in eq. (2.21) with the topological string partition function in eq. (2.5).
In the following we focus on G = U(N ) with 5d Chern-Simons level K. The quantity in eq. (2.21) can be evaluated by using localization in equivariant K-theory [1, 2, 43] on the instanton moduli space M (N, k), more precisely on its Gieseker partial compactification and desingularization given by framed rank N torsion-free sheaves on
where the framing is given by a choice of trivialization on the line at infinity ∞ . The -background localizes the integral, restricting it to a sum over fixed points of the equivariant action.
The result of computation for pure G = U(N ) gauge theory with Chern-Simons
For comparison with the topological string result, we take K = N − 2. We can restrict the result to SU(N ) by constraining the sum of the Coulomb branch moduli to be zero. Note that the U(N ) and SU(N ) instanton partition functions are in general different, 4 but they agree in our case of zero flavors with Chern-Simons level
With this proviso, we can see that eq. (2.14) from section 2.1.3 can be written as
inst evaluated for K = N − 2, t i = 0, and in the unrefined limit 1 = − 2 =: , by identifying the complexified Kähler parameter with the complexified Coulomb branch moduli. Hence we have an exact match up to the perturbative part.
Another interesting example is U(1) gauge theory. Although it does not support semi-classical gauge instantons, one can consider BPS states corresponding to small instantons. A mathematically more rigorous way to define them is to consider U (1) instantons on non-commutative R 4 , or equivalently rank 1 torsion-free sheaves on CP 2 with fixed framing on the line at infinity [50] . The gauge theory result is [51, 52 ] 24) where
The exponent agrees precisely with the topological vertex result eq. (2.20) in the unrefined case q 1 q 2 = 1, by setting q 1 = q.
In this section we review properties of the unoriented theories we are going to focus on.
We first introduce their description in string theory and M-theory, and subsequently review the computation of their partition function using the real topological string theory in the real topological vertex formalism.
Generalities
There are many ways to obtain an unoriented theory from a parent oriented string theory configuration, which in our present setup result in different gauge theory configurations. In this paper we will focus on a particular choice, which has the cleanest connection with the parent oriented theory, in a sense that we now explain.
Consider the type IIA version of our systems, namely type IIA on a non-compact toric CY threefold X singularity. We introduce an orientifold quotient, acting as an antiholomorphic involution σ on X and as a sign flip in an R 2 (parametrized by
of 4d Minkowski space. For concreteness, we consider σ to have a fixed locus L, which on general grounds is a lagrangian 3-cycle of X (one can build orientifolds with similar M-theory lift even if σ is freely acting). In other words, we have an O4-plane wrapped on L and spanning x 0 , x 1 ; we choose the O4-plane to carry negative RR charge (see later for other choices). We complete the configuration by introducing one single D4-brane (as counted in the covering space) wrapped on L and spanning x 0 , x 1 , namely stuck on the O4 − -plane. This setup is the physical realization of the real topological string introduced in [6] (see also [7] [8] [9] ). In the topological setup, the addition of the D4-brane corresponds to a topological tadpole cancellation condition; in the physical setup, it corresponds to local cancellation of the RR charge, and leads to a remarkably simple M-theory lift, which allows for direct connection with the 5d picture of the oriented case, as follows.
This IIA configuration lifts to M-theory as a compactification on X × S 1 , with a Z 2 quotient 6 acting as σ on X, as (
Minkowski space-time, and as a half-shift along the S 1 . Because the Z 2 is freely acting on the S 1 , the configuration can be regarded as an S 1 compactification of the 5d theory corresponding to M-theory on X (with the S 1 boundary conditions for the different fields given by their eigenvalue under the orientifold action). Since the 5d picture is essentially as in the oriented case, these configurations have a direct relation with the oriented Gopakumar-Vafa description of the topological string. Specifically, the real topological string amplitude is given by a one-loop diagram of 5d BPS states running on S 1 , with integer (resp. half integer) KK momentum for states even (resp. odd) under the orientifold action [10] .
For completeness, we quote the M-theory lifts corresponding to other choices of O4-plane and D4-brane configurations [53, 54] :
• An orientifold introducing an O4 − -plane with no stuck D4-brane lifts to M-theory on X × S 1 with a Z 2 acting as σ on X, flipping x 2 , x 3 in 4d space, and leaving the S 1 invariant. This M-theory configuration has orbifold fixed points and therefore is not directly related to the 5d picture of the oriented theory.
• An orientifold introducing an O4 + -plane lifts to M-theory on X × S 1 with a Z 2 acting as σ on X, flipping x 2 , x 3 in 4d space, and leaving the S 1 invariant, with 2 M5-branes stuck at the orbifold locus. Again this M-theory configuration has orbifold fixed points.
• Finally, there is an exotic orientifold, denoted O4 + -plane, which lifts to M-theory as our above freely acting orbifold (acting with a half-shift on S 1 ), with one extra stuck M5-brane. This M-theory configuration contains a sector of closed membranes exactly as in the O4 − +D4 case, and in addition an open membrane sector which has no direct relation to the 5d oriented theory (but is described by
Ooguri-Vafa invariants [5] ).
Hence, as anticipated, we focus on the O4 − +D4, whose M-theory lift is the simplest and closest to the parent 5d oriented theory.
To finally determine the orientifold actions, we must specify the antiholomorphic involution σ acting on X. In general, a toric CY three-fold associated to an SU(N ) gauge theory admits two such Z 2 actions, 7 illustrated in fig. 5 for SU(4). They mainly differ in the effect of the orientifold action on the Coulomb branch moduli of the 5d gauge theory. Namely, the blue quotient in fig. 5 reduces the number of independent in M-theory as well. 7 Certain cases, like the conifold, may admit additional symmetries.
moduli, whereas the red one preserves this number. Equivalently, the two quotients either reduce or preserve the rank of the gauge group at the orientifold fixed locus.
Since the Coulomb branch parameters play an important role in the parent gauge theory localization computation, we will focus on rank-preserving quotients to keep the discussion close to the parent theories. We leave the discussion of rank-reducing involutions for future projects. 
The real topological string
The real topological string is a natural generalization of the topological string in section 2.1. It provides a topological version of the IIA orientifolds in the previous section.
Namely, the real topological string computes holomorphic maps from surfaces with boundaries and crosscaps into a target X modded out by the orientifold involution σ.
Realizing the unoriented world-sheet surface as a quotient of a Riemann surface by an antiholomorphic involution,
we must consider equivariant maps f as in fig. 6 . The model includes crosscaps, and boundaries (with a single-valued Chan-Paton index to achieve the topological tadpole cancellation) ending on the lagrangian L.
Hence, we must consider the relative homology class
The total topological amplitude at fixed Euler characteristic χ may be written as
where the different terms account for closed oriented surfaces, oriented surfaces with boundaries, surfaces with one crosscap, and surfaces with two crosscaps. Different consistency conditions, needed to cancel otherwise ill-defined contributions from the enumerative geometry viewpoint, 9 guarantee integrality of the BPS expansion for 
To compute real topological string partition function on local Calabi-Yau, we will use the real topological vertex [9] , which is a generalization of the standard topological vertex to take into account involutions of the toric diagram. The formalism is still only available in the unrefined case, on which we focus herefrom.
We apply the formalism to involutions of the kind shown in fig. 7 , as described in more detail in appendix A.2. For these involutions there are no legs fixed point-wise in the diagram, and this simplifies the computation of the topological vertex. Due to the symmetry of the diagram in the parent theory, one can use symmetry properties of the vertex functions to cast each summand in the sum over Young diagrams as a square [9] .
Then the real topological vertex amplitude is given by the sum of the square roots of the summands. To define these in a consistent way, we follow the choice of sign in [9] , see eq. (A.6). In all our examples this sign is trivial, since |R| ± c(R) is even for every R, and in the cases we consider also n + 1 = −2i + 4 is even as well, as can be seen from eq. (2.12).
Explicit examples will be described in section 4. 
Explicit examples
In this section, we explicitly compute the real topological string partition functions of the resolved conifold and also the SU(N ) geometry using the real topological vertex formalism [9] . We first review the calculation of the real topological string partition function of the resolved conifold [9] , correcting some typos. Then, we move on to the computation of the real topological string partition function for the SU(N ) geometry, which shows an intriguing new feature.
The real conifold
Let us apply the above recipe to the orientifold of the resolved conifold. This is particularly simple because there are no Coulomb branch moduli, and the only parameters are the instanton fugacity and those defining the -background.
The topological string side can be computed using the real topological vertex for-
Our choice of orientifold plane charge corresponds to the negative sign.
11
The first term in the exponent corresponds to the closed topological string contribution, while the second reproduces the open and unoriented topological string contributions.
Orientifold of pure SU(N ) geometry, and its flops
In this section we study the unoriented version of the SU(N ) systems of section 2.1.3, compute their real topological vertex amplitudes following the rules in [9] , and describe their behavior under flops of the geometry.
Real topological vertex computation
The web diagram is given in fig. 8 , which describes a Z 2 involution of fig. 3 (which was chosen symmetric in hindsight). We recall some expressions already introduced in section 2.1.3 for the oriented case.
10 This expression corrects some typos in [9] . 11 The choice of positive sign can be recovered by turning on a non-trivial Z 2 -valued Wilson line on the D4-brane stuck at the O4-plane in the type IIA picture, since the fixed locus L = R 2 × S 1 has one non-trivial circle.
We define the perturbative contribution as
We also recall the Chern-Simons level eq. (2.19)
where E ij is defined in eq. (2.15) and ∅ denotes the empty diagram. Finally, we introduce the rescaled instanton fugacitỹ
which is the square root of the instanton fugacity eq. (2.17) in the oriented computation.
Expressing the (complexified) Kähler parameters in terms of the (complexified)
edge positions t i , with i t i = 0, and edges ordered such that Im t i+1 > Im t i in a certain large volume region in the Kähler moduli space, we take as in eq. (2.18)
Notice that in this case the fugacity can be written asũ = Q
The computation is as follows: we start from eq. (2.12), go to the unrefined limit, and apply real topological vertex rules [9] , cf. appendix A.2. Since our involution does not fix any leg point-wise, we only need to reconstruct the square within summands using permutation properties of the topological vertex C RR R (q) (see eq. (A.4)), and the fact that T i = T i due to the involution. We get
We then take the square root, and notice that the sign eq. (A.6) for the propagator is always +1,
(4.7)
By using combinatorial identities for Young diagrams and skew-Schur functions, described in appendix C (in particular eqs. (C.1) and (C.5)), we arrive at the final result
. (4.8)
Behavior under flops
It is worth to briefly step back and emphasize an important point. In the above computation there is an explicit choice of ordering of edges in the web diagram, which defines a particular large volume limit. Moving in the Kähler moduli space across a wall of a flop transition 12 can reorder the edges, so we need to redefine the expansion parameters eq. (2.18). Consider the simplest setup in which the ordering of all edges is reversed, such that v i > v i+1 for all i, and we take Therefore, this is a feature special to the real topological string partition function of pure SU(N ) geometry. From the viewpoint of five-dimensional pure SU(N ) gauge theory, the pure SU(N ) gauge theory is invariant under the Weyl transformation of SU(N ) and this is reflected into the invariance of the partition function under the Weyl transformation in the oriented case. In the unoriented case, however, the noninvariance of the partition function under the transformation implies that the presence of the orientifold or the corresponding defect in field theory breaks the symmetry that existed in the oriented case.
It is similarly easy to consider intermediate cases of partial reorderings. The simplest is to take N = 3, and move from v 1 < v 2 < v 3 to v 2 < v 3 < v 1 . In this case, the new expansion parameters are Q F 1 = e i(t 3 −t 2 ) and Q F 2 = e i(t 1 −t 3 ) . The result is basically the same, but with sign (−1)
Here we redefined dummy variables as
In other words, starting with the result in a given chamber, moving across a wall of a flop transition exchanging two edges with diagrams R, S produces a change in the amplitude (expressed in the new Kähler parameters) given by a sign (−1) |R|+|S| .
This is the explicit manifestation of the fact that the topological string amplitude regarded as a function of t i in this unoriented theory is not universal throughout the moduli space, but it has a non-trivial behavior. 
Behavior under other transformations
Let us consider another transformation which is a refection with respect to a horizontal axis for the pure SU(N ) geometry of fig. 8 . The operation in the original pure SU(N ) geometry corresponds to charge conjugation, which is given by a transformation of the Coulomb branch moduli t i → −t N −i+1 for i = 1, · · · , N and a flip of the sign of CS level. 15 The transformation can be effectively implemented by defining the Kähler 13 In the case N = 3 they are equal to each other accidentally.
14 However, when we regard the topological string amplitude as a function of a good expansion parameter which is always Q Fi with |Q Fi | < 1, then they are essentially the same function. Namely, the real GV invariants are the same at the two different points in the enlarged Kähler moduli space. 15 When we regard the pure SU(N ) geometry as a 5-brane web diagram, the CS level can be read off from the asymptotic behavior of the external legs [49, 58, 59] . In particular, when we turn the 5-brane web upside-down, the sign of the CS level of the gauge theory also flips. parameters as 
which is again not equal to Z real top (t i , K) as a function of t i in the unoriented case.
This is different from the oriented case where we have 
where O Ω is an operator implementing the orientifold action in the corresponding Hilbert space sector.
In this section we exploit the intuitions from the topological vertex computations to describe aspects of this twist in explicit examples. 16 We have checked this for N = 2, 3, 4 up to 5-instanton order.
Invariant states and the conifold example
We start the discussion with the conifold. This is particularly simple, because there is only one BPS (half-)hypermultiplet, whose internal structure is invariant under the orientifold, namely it is an M2-brane wrapped on a 2-cycle mapped to itself under the orientifold. Then the orientifold action is just action on the Lorentz quantum numbers.
From the viewpoint of gauge theory, there is a 5d U(1) gauge theory, whose BPS states are instantons. In this simple system it is possible to motivate the structure of the as given by a shift
in the original parent gauge theory expression eq. (2.21). Furthermore, we assume that the operator induces the redefinition by a factor of 2 of certain quantities between the parent theory and the twisted theory. In practice, it requires that the twisted theory result should be expressed in terms of the redefined weight
We then consider the twisted Nekrasov partition function of the U(1) instanton.
First, we consider the refined amplitude for the original theory eq. (2.24), and perform the shift 2 → 2 + π. Taking the unrefined limit, we obtain
We now redefine =˜ /2 and Q =Q 1 2 , and get
which agrees with eq. (4.1) for the negative overall sign for the unoriented contribution.
One may choose a redefinition Q = −Q Note that the conifold geometry is special in that the only degree of freedom is one BPS (half-)hypermultiplet, from an M2-brane on a CP 1 invariant under the orientifold action, which thus motivates a very simple proposal for O Ω . This can in general change in more involved geometries, where there are higher spin states, and/or states not invariant under the orientifold. In these cases, the orientifold action should contain additional information beyond its action on 4d space-time quantum numbers.
A twisted Nekrasov partition function for pure SU(N )
We now consider the case of the SU(N ) geometry, whose real topological string amplitude was described in section 4.2.1, and discuss its interpretation in terms of a twisted Nekrasov partition function.
We start with the following observation. Consider the parent theory expression eq. (2.23) for CS level K = N − 2 as starting point. Since part of the orientifold action includes a space-time rotation which motivates the 2 -shift, let us carry it out just like in the conifold case and check the result.
Let us thus perform the 2 -shift and take the unrefined limit ( 2 → − + π, 1 → ), and rescale → 2 , and t i → t i 2 with u →ũ(= u 1 2 ). We obtain the result 
This expression evaluated for t i = 0 is remarkably close to the real topological string computation eq. (4.8), up to i-dependent sign factors. Specifically eq. (4.8) can be recast as 
Conclusions
In this work we have explored the extension of the correspondence between topological strings on toric CY three-folds and 4d/5d supersymmetric gauge theories with 8 supercharges to systems with orientifolds with real codimension 2 fixed locus. On the topological string side, we have focused on quotients which produce the real topological string of [6] , because of its remarkably simple physical realization in M-theory. We have analyzed the properties of the systems, and emphasized their behavior under flops of the geometry. There may be also a possibility to shift the Coulomb branch moduli like the ordinary orbifolded instantons [15] .
A way to complete the gauge theory interpretation may be to give a more specific description of the orientifold in the ADHM quantum mechanics. In [15] , instantons with a surface defect were identified with orbifolded instantons via a chain of dualities of string theory. It would be interesting to extend their reasoning to our case and determine an effect of the orientifold defect in the ADHM quantum mechanics. Once we identify the effect in the ADHM quantum mechanics, then we may proceed in the standard localization technique with it.
There are several other interesting directions worth exploring:
• It would be interesting to exploit the M-theory picture to develop a refined real topological vertex formalism, and to compare it with the gauge theory computations.
• As explained, there are different kinds of O4-planes in the physical type IIA picture, which correspond to different M-theory lifts, and different unoriented topological strings (albeit, with intricate relations). We hope to explore the gauge theory description of those in future works.
• It would also be interesting to consider the addition of extra D4-branes, either on top of the O4-plane or possibly on other lagrangian 3-cycles, to describe the unoriented version of the relation of open topological strings and vortex counting on surface defects [16, 60] . A Real topological string A.1 M-theory interpretation of the real topological string BPS state counting As already observed, we consider tadpole canceling configurations, such that the M-theory lift of the O4/D4 system is smooth, i.e. there are no fixed points. This guarantees that locally, before moving around the M-circle, the physics looks like in the oriented case. The SU(2) L × SU(2) R group is broken by the orientifold to its Cartan generators, which are enough to assign multiplicities to the 5d BPS states.
There will be two kinds of states, as follows. First, those not invariant under the orientifold, will have their orientifold image curve somewhere in the covering X, and will contribute to closed oriented amplitudes (thus, we can neglect them). Second, those corresponding to curves mapped to themselves by the involution; their overall Z 2 parity is determined by their SU(2) L and SU(2) R multiplet structure: as in the original GV case, the R part parametrizes our ignorance about cohomology of D-brane moduli space, while the L part is cohomology of Jacobian, and we know how to break it explicitly, due to our simple orientifold action. Let us split the second class of states, for fixed genusĝ and homology class β, according to their overall parity
(A.1)
Once we move on the circle, these invariant states acquire integer or half-integer momentum, according to their overall parity; this is taken into account in the 2d
Schwinger computation, that finally yields, after removing even wrapping states that correspond again to closed oriented sector, the numbers
that appear in eq. (3.3). The detailed computation is described in [10] .
Tadpole cancellation The requirement that physical tadpoles are canceled has an interesting implication for real topological amplitudes, for geometries with H 1 (L; Z) = Z 2 and H 2 (X, L; Z) = Z; these include well-studied examples like the real quintic or real local CP 2 . We discuss this for completeness, even though the geometries in the main text do not have this torsion homology on L. Finally, since boundaries do not receive such contributions and one can show, with a heuristic argument regarding real codimension one boundaries in the moduli space of stable maps, that there is a bijection between curves that agree except for a replacement of a crosscap with a (necessarily even-degree) boundary, we conclude that these two classes of curves cancel against each other. This implies that the only contributions may arise from odd-degree-boundary curves, and it is written as a restriction χ = d mod 2 on the summation in eq. (3.3), as it has been proposed in [6] based on the fact that these two contributions to the topological amplitude are not mathematically well-defined separately, and the above mentioned prescription produces integer BPS multiplicities.
A.2 Real topological vertex
The real topological vertex [9] is a technique that allows to compute the all genus topological string partition functions, in the presence of toric orientifolds, namely a symmetry of the toric diagram with respect to which we quotient. This corresponds to an involution σ of X, and it introduces boundaries and crosscaps in the topological string theory. We restrict to unrefined quantities, since at the moment real topological vertex technology is only available for that setup.
The recipe morally amounts to taking a square root of the topological vertex amplitude of the corresponding oriented parent theory, as follows. First, we observe that contributions from legs and vertices that are not fixed by the involution can be dealt with using standard vertex rules, and they automatically give rise to a perfect square once paired with their image. We then only need to explain how to deal with a fixed edge connecting two vertices. Their contribution to the partition function is given by a factor
where C := C(q, q) was introduced in eq. (2.8), and notation corresponds to fig. 9 .
Here n := det(v j , v j ), where v m represents an outgoing vector associated to leg m. Figure 9 : Three involutions for a generic internal leg; notice that each involution requires a specific symmetry to be present.
There are three cases: the involution can act as a point reflection at the center of the line (1), a reflection at the line perpendicular to the compact leg (2), or a reflection along the compact leg (3). The case interesting for us is (2), namely a leg that is not point-wise fixed by the involution, and where the representations in one vertex are mapped to representations in the other. In this case, no restriction is imposed on the internal representation R i , while leg j is mapped to leg k and similarly k → j .
This imposes R j = R t k and R k = R t j , where the transposition is implemented since the involution introduces an orientation-reversal of the plane in fig. 9 . By exploiting the symmetry of function C
we can rewrite eq. (A.3) as a perfect square, and take the square root:
We introduced a sign in eq. (A.5)
Finally, there is a global prescription for the choice of c(R i ) vs. c(R t i ).
B Enumerative checks
We compute the real GV invariants of the SU(N ) geometry with the involution considered in section 4.2. We describe some numerical checks that the topological vertex amplitudes indeed produce integer BPS multiplicities, corresponding to the proposed BPS state counting for the real topological string [6, 10] . The enumerative checks support the new result of the real topological string partition function for SU(N ) geometry in section 4.2.
After removing the purely closed oriented contribution, we perform an expansion Bound on genus One possible check we can perform is obtain the maximal g for given d [61] . To do this, let us take diagonal combinations n (B.14)
α 0,0,1,0 and α 0,0,0,1 still take value in C and eq. (B.14) is still a complex equation. 17 Recall that e (CP m ) = m + 1 and e (RP m ) = 1, 0 for m even/odd respectively.
hand, the deformation space of the curve class d 2 CP 1 F gives a real projective space due to the involution acing on CP 1 B . In general, the moduli space may be given by
We can also consider the case d = 2. Then the top genus comes from g = 0.
But this contribution will be absent since this does not satisfy the tadpole condition d = g − 1 mod 2. This is also consistent with eq. (B.10).
The degree 3 case is also the same, namely 
